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Abstract

In this paper, the authors investigate the boundedness of the oscillatory singular integrals with
variable Calderén-Zygmund kernel on generalized Morrey spaces M?¥(R™) and the vanishing
generalized Morrey spaces VMP?(R™). When 1 < p < oo and (¢1, ¢2) satisfies some condi-
tions, we show that the oscillatory singular integral operators Th and Ty are bounded from
MP#1(R™) to MP#2(R"™) and from VMP?1(R") to VMP¥2(R"™). Meanwhile, the correspond-
ing result for the oscillatory singular integrals with standard Calderén-Zygmund kernel are
established.
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1 Introduction and main results

The classical Morrey spaces were originally introduced by Morrey in [18] to study the local behavior
of solutions to second order elliptic partial differential equations. For the properties and applications
of classical Morrey spaces, we refer the readers to [3, 6, 7, 12, 18, 20, 22, 23, 24, 26]. Guliyev,
Mizuhara and Nakai [10, 17, 19] introduced generalized Morrey spaces MP?:#?(R™) (see, also [11, 12,
27]). In [10, 12, 17, 19], the boundedness of the classical operators and their commutators in spaces
MP-¥ was also studied, see also [1, 8, 13, 29].

Let ¢(z,r) be a positive measurable function on R™ x (0,00) and 1 < p < oco. For any f €

LY (R™), we denote by MP?#(R™) the generalized Morrey spaces, if
_ 1
[ laze-e = eSgpww(l’vr) B, )77 (| flloe () < oo

A—n
When o(z,7) =7 7 , then MP¥(R") = LP*(R") is the classical Morrey spaces. There are many
papers discussed the conditions on ¢(z, ) to obtain the boundedness of operators on the generalized
Morrey spaces. For example, in [12], the following condition was imposed on the pair (¢1, @2):

/OO @dt < Cpoz,7), (1.1)

where C does not depend on x and ¢. Under the above condition, Guliyev obtained the boundedness
of the singular integral operator T from MP¥1(R™) to MP#1(R™). Recently, in [1, 13], Guliyev et.
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introduced a weaker condition: If 1 < p < oo, for any x € R™ and t > 0, there exits a constant
¢ > 0, such that
oo €ss sup 1 (x, s)s?

/ t<s<oot%+1 dt < Co(z, 7). (1.2)

If the pair (p1, 2) satisfies condition (1.1), then (¢1, ¢2) satisfied condition (1.1). But the opposite
is not true. We can see remark 4.7 in [13] for details.

Suppose that k is the standard Calderén-Zygmund kernel. That is, k € C>®(R™ \ {0}) is
homogeneous of degree —n, and [, k(z)do, = 0, where ¥ = {z € R™ : |z| = 1}. The oscillatory
integral operator T is defined by

Thf(z) = p-v-/ PNk — y)e(x,y) f(y)dy, (1.3)
where A € R, p € Cg°(R™ x R™), the space of infinitely differentiable functions on R™ x R™ with
compact supports, and ® is a real-analytic function or a real-C*°(R™ x R™) function satisfying
that for any (z9,y0) € supp ¢, there exists (jo, ko), 1 < jo, ko < n, such that 92® (o, yo)/0x j, Oy,
does not vanish up to infinite order. These operators have arisen in the study of singular integrals
supported on lower dimensional varieties, and the singular Radon transform. In [21], Y. B. Pan
proved that Ty are uniformly in A bounded on L?(R™), 1 < p < oo.

Let k(x,y) be a variable Calderén-Zygmund kernel. That means, for a. e. © € R, k(x,.) is a
standard Calderén-Zygmund kernel and

olilk
oyl HLOO(R” x )

=A< o0 (1.4)

max
l71<2n,j€NG

Define the oscillatory integral operator with variable Calderén-Zygmund kernel T by

T} f(z) = pv / AN (2, — y)ple, y)  (v)dy, (1.5)

n

where A, p and ® satisfy the same assumptions as those in the operator defined by (1.3).

S.Z. Lu and D. C. Yang etc. [16] investigated the LP boundedness about this class of oscillatory
integral operators. The boundedness of some operators on these spaces can be see ([1, 10, 12, 13,
17, 18, 19, 28, 29], ). Recently, A. Eroglu [15] obtained the boundedness of a class of oscillatory
integral with Calderén-Zygmund kernel and polynomial phase on generalized Morrey spaces.

The purpose of this paper is to generalize the results above to the case with real-C>°(R" x R"™)
or analytic phase functions. Our main results in this paper are formulated as follows.

Theorem 1.1. Let A € R, € C°(R” xR") and @ is a real-C*°(R™ x R™) function satisfying that
for any (z9,y0) € supp ¢, there exists (jo, ko), 1 < jo, ko < n, such that 9>®(zo, yo)/0x;,0zy, does
not vanish up to infinite order. Assume k is a standard Calderén-Zygmund kernel and T’ is defined
as in (1.3). Then for any 1 < p < 0o, and 1, p2 € Q, satisfies the condition (1.2), the operator T
is bounded from MP¥1 to MP¥2,

Theorem 1.2. Let A € R, € C°(R™ xR") and ® is a real-C*°(R™ x R™) function satisfying that
for any (x0,y0) € supp ¢, there exists (jo, ko), 1 < jo, ko < n, such that 82<I>(;v0,y0)/8xj08xk0 does
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not vanish up to infinite order. Assume k is a variable Calderén-Zygmund kernel and 7’5 is defined
as in (1.5). Then for any 1 < p < oo, and 1, @2 € §, satisfies the condition (1.2), the operator T
is bounded from MP¥* to MP¥2,

Theorem 1.3. Let A € R, € C§°(R™ x R™) and @ is a real-C*°(R™ x R™) function satisfying
that for any (z9,y0) € supp ¢, there exists (jo, ko), 1 < jo, ko < n, such that 8?®(z¢,y0)/0zj,0x,
does not vanish up to infinite order. Assume k is a standard Calderén-Zygmund kernel and T is
defined as in (1.3). Then for any 1 < p < 0o, and @1, 2 € €, 1 satisfies the conditions

© dt
cs ::/ sup ¢1(z,t)— < o0 (1.6)
§ wERn t
for every § > 0, and
& dt
@1($7t)7 S CO()DZ(:L‘7T)7 (17)
i

where Cj does not depend on x € R™ and r > 0, the operator T} is bounded from V MP-¥! to
V MP-¥2

Theorem 1.4. Let A € R, € C§°(R™ x R™) and ® is a real-C°(R™ x R™) function satisfying
that for any (zo,y0) € supp ¢, there exists (jo, ko), 1 < jo, ko < n, such that 8?®(z¢,y0)/0zj, 0wk,
does not vanish up to infinite order. Assume k is a standard Calderén-Zygmund kernel and T% is
defined as in (1.5). Then for any 1 < p < oo, and @1, @2 € €, 1 satisfies the conditions (1.6) and
(1.7), the operator T is bounded from VMP#* to V. MP¥2.

2 Notations and preliminary Lemmas

Let B = B(xg,r) be the ball with the center xg and radius r. Given a ball B and A > 0, AB
denotes the ball with the same center as B whose radius is A times that of B.

Lemma 2.1. [9] Let ¢(z,7) be a positive measurable function on R™ x (0,00) and 1 < p < oo.

(i) If

sup P o(x,r) P =00 for some ¢t >0 and for all z € R, (2.8)
t<r<oo

then MP#(R™) = ©, where O is the set of all functions equivalent to 0 on R™.
(i7) 1If

sup @(z,r)"! =00 for some 7 >0 and for all z € R™, (2.9)
o<r<r

then MP?#(R™) = ©.

Remark 2.2. We denote by €, the sets of all positive measurable functions ¢ on R" x (0, 00) such
that for all t > 0,

<oo, and sup |l¢(z,r)7?

pon/p z,r 71H
90( ) L(x,(t,oo) TER™

sup
zER™

oo,

oo

respectively. In what follows, keeping in mind Lemma 2.1, we always assume that ¢ € Q,.
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For brevity, in the sequel we use the notations

Wpo (f32,7) =172 (1) "M fll 2, (Bl

and
A po(fiz,7) = rn/p 90(:57T)ile”WLp(B(w,r))a

where W LP(B(x,r)) denotes the weak LP-space of measurable functions f for which

I es e = 1 sy =supt [ v
t>0 {yeB(z,r): |f(y)|>t}

Definition 2.3. The vanishing generalized Morrey space VMP:¥(R™) is defined as the spaces of
functions f € MP#(R™) such that

lim sup A, (f;z,r)=0. (2.10)

r—0 TER™

The vanishing weak generalized Morrey space VW MP-?(R™) is defined as the spaces of functions
f € WMP#(R™) such that

li S A : =0.
Jimny sup W (fi2,7)

The vanishing spaces VMP#?(R™) and VW MP#(R"™) are Banach spaces with respect to the
norm

[ fllvaee = (| fllgre = sup Ay o (f52,7),
R, r>0
I fllvwaee = (|fllwamee = sup  Awypo(fi2,7),
zER™ r>0

respectively.

Remark 2.4. We denote by €, 1 the sets of all positive measurable functions ¢ on R™ x (0, c0)
such that

zlen]lgn 7111;% o(x,r) >0, for some ¢ > 0, (2.11)

and

fr”/p
im —— =0. (2.12)
r—0 ()0(],‘7 ’I")

For the non-triviality of the space VMP¥(R™) we always assume that ¢ € Q,, 1.

The vanishing generalized Morrey space VMP#(R™) were studied in [2]. In the case p(z,r) =
r(A=m)/p Y MP#(R™) is the vanishing Morrey space V L, x(R™) introduced by Vitanza in [31], where
applications to PDE were considered. We refer to [5, 14, 22, 25] for some properties of vanishing
generalized Morrey spaces.

Our argument based heavily on the following results.
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Lemma 2.5. [16] Assume T}, is defined as in (1.3). Then for any 1 < p < oo, we have

||T)\f||LT’ S C(nﬂpa@a@vcp) B Hf”Lpa

where C(n,p, ®,p,C}) is independent of A, k and f, and B = ||k c1(s).

Lemma 2.6. [16] Assume T is defined as in (1.5). Then for any 1 < p < oo, we have

IT5fllr < Cn,p, @,9,Cp) AllflLr,
where C(n,p, ®, ¢, Cp) is independent of A, k and f. A is defined in (1.4).

The Hardy-Littlewood maximal operator M is defined by

M) = s [ Wl T € Lue®).

Theorem 2.7. [1, 13] Let 1 < p < oo and (i1, ¢2) satisfy the condition (1.2). Then the maximal
operator M and the singular integral operator 1" are bounded from MP¥* to MP¥2 for p > 1 and
from MYt to WML¥2,

A distribution kernel k is called a standard Calderon-Zygmund kernel (SCZK) if it satisfies the
following hypotheses:

c
k(z,y)| < m>vx # Y,

C
V()| V()| < ey Yo #

The corresponding Calderon-Zygmund integral operator S and oscillatory integral operator R are
defined by

S(e) =po. [ Ke.o)Fw)dy

and

Rf(z) =p. /n e P @V (2, y) f(y)dy,

where P(z,y) is a real valued polynomial defined on R™ x R™.
Theorem A [15] Let 1 < p < oo, and (g1, ¢2) satisfies the condition (1.1). If S is of type
(L2, L?), then for any real polynomial P(x,y), there exists a constant C' > 0 such that

||Rf||IW’”%"2 < C”f”]y[p,vzl .

Lemma 2.8. [30] Denote by H.,, the spaces of spherical harmonic functions of degree m. Then
(a) LX) = @5 oHm, and gm = dimH, < C(n)m™=2 for any m € N,
(b) for any m = 0,1,2,..., there exists an orthogonal system {ij}?;"l of H,, such that
[Vimlzs(s) < COOM Vi = (=) 0+ 1= 2) A = Ly, and A s the
Beltrami-Laplace operator on > _.

In the following the letter C will denote a constant which may vary at each occurrence.
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3 Proof of Theorems 1.1 and 1.2

In this section we are going to use the following statement on the boundedness of the Hardy operator

¢
Hy(t) := E/o g(r)dr, 0 <t < oco.

Theorem B. [4] The inequality

ess supw(t)Hg(t) < cess supv(t)g(t)
>0 >0

holds for all non-negative and non-increasing g on (0,00) if and only if

t
A :=sup w(t) / dr < 00,
0

t inf
0 o i)

and ¢ = A.
The following lemma is valid.
Lemma 3.1. Let 1 < p < co and T} is defined as in (1.3). Then the inequality

e}

I TN || o (Baory) S TP / Il o (Bag.yt " 7 dt (3.13)

2r

holds for any ball B(zg,r) and for all f € LY (R™).

loc

Proof. Let p € (1,00). For arbitrary xg € R", set B = B(xq,r) for the ball centered at zy and
radius r, 2B = B(xg, 2r). We represent f as

f=h+f fH)=FfWxesW), ) =FfYxes:®)

and have
1T fllLesy < T fillzesy + ITx f2ll Lo (B)-
It is known that (see Lemma 2.5) the operator T is bounded on LP(R™). Since f; € LP(R™),
Ty f1 € LP(R™) and boundedness of Ty in LP?(R™) (see [16]) it follows that

1T\ fillr By < ITxfille@ny < Cllfillr@ny = CllfllLe 2By,

where the constant C' > 0 is independent of f.
We now estimate T} fo. We can write

@] = | [k = et S|

Now by an argument similar to the proof of Lemma 6 in [16], we choose ¢; € C§°(R™) such
that ¢1(x) =1 when |z| <1, and ¢1(x) = 0 when |z] > 2. Let 93 =1 — ¢y and N € N which is
large enough and will be determined later. Write

k(z) = k() + K3 (=),
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where
kﬁ\ = k(x)goj(/\l/Nx), j=1,2.

Then

Do) = [ P ot ) Sy

+p-v~/( TR = D) ele ) W)y = T o) + T (@)
2 c
Let us first estimate T/\1 fa(z). To do so, using Taylor’s expansion and the compactness of supp ¢,
we write
(I)(.’L', y) = (P(JJ,{L') + P(LL', y) + TN(x>y)

for (z.y) € supp ¢, where P(z,y) is a polynomial with deg P < N and |ry(z,y)| < Clz — y|¥ with
C in dependent of  and y. Define

Rf(z) = pu. /(QB)C ePPEN L (2 — y)p(z,y) f(y)dy.

Therefore
e APEIT fy (2) - Rf (x)

= ) ) ) )y
z—y|<2X—1

M

e AP @w) (eArn @) 1)k (2 — y)p(x, y) fy)dy

= /QJ)\I/N<z—y|§21+1)\1/N

o

I
<

Tijfg(x)
J

On Tijfg (x), by the properties of ry and k, we have
Ty, folw)| < C27IN M f ().
So we have
0 .
T fa(a)| < C> 279N M f(z) + C|Rf(x)| < CM f(x) + C|Rf ().

3=0

By Theorem 4.1 in [12] and Lemma 3.1 in [15], we have
T3 follLr(Baor) S M fllLeBory) + RS Lo (Bzor)

ST’% / ||f||Lp(B(x0,t))t_1_%dt~

2r
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Now, let us turn to estimate 7% f2(z). We consider the following two cases.
Case 1. A < 1. Similar to that estimate of 7% in Lemma 6 in [16], we have

T3 f2(2)| < CM f(x),
where the constant C' > 0 is independent of f. By Theorem 4.1 in [12] we have
T3 foll Lo (B(zo.r)) < CIFIl Lo (Bzo.r))-
Case 2. A > 1. We choose ¢y € C§°(R™) such that

supppo C{z € R" : 1 < |z| < 2},

and -
o) = > po(27x).
=0
Let ‘
K, (@) = k(2)go(2 AV a),
Then

B = [ PHIRE et Sy

= Z /(2 eiAé(m,y)kij (z —y)o(x,y) f(y)dy

Jj=0

For Tf) o by the definition of it, we can get

T3 f2(2)| < © |f(y)ldy < CM f(z). (3.14)

2IN"Y/N < |g—y| <20 1N-1/N |z —y["

The inequality (3.14) also can be see in [16], we omit the detail here.
By Theorem 4.1 in [12], we have

o0
T3 foll Lo (B (o)) < Cﬂ/2 £l e Bzt 7 dt.
Therefore

1T\ foll Lo (Bxor)) < TN S2llr(Baor)) + I T3 f2ll Lo (B(xo,m))

<0t [t Bt
2

s

This finishes the proof of Lemma 3.1. Q.E.D.
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Proof of Theorem 1.1
By Lemma 3.1 and Theorem B we get

o0
I3 fllagrea S sup @2(9677")_1/ I fllLe (Bt ' P dt
zeR™ r>0 r

r
) -1
zeﬂz}}3‘>0§02($,7") A ||fHLp(B(w)t7%))dt

r
_ _ry g
- xe]§}11712‘>0 @2(337 r ) /(; Hf||LP(B(x,t7%))dt

SR

Q

‘ —p\1 _
S reﬂz}},}::’>0 501(]"77“ ) r ||f||Lp(B(:E’T7%)) - ||fHMP"”1

This finishes the proof of Theorem 1.1.

The following lemma is valid.

Lemma 3.2. Let 1 < p < oo and T is defined as in (1.5). Then the inequality

1T Fllr (B(or)) S 7"%/2 ”fHLT’(B(wO,t))t_l_%dt

holds for any ball B(zg,r) and for all f € LY (R™).

loc

Proof. Let p € (1,00). For arbitrary o € R"™, set B = B(xzg, ) for the ball centered at xzy and
radius r, 2B = B(xg, 2r). We represent f as

f=h+fo f[ily)=FfWxesW): f0y)=FfYxesr:W)

and have
ITX fllLe 3y < NTX fille sy + I1TX f2ll Lo (s)-
It is known that (see Lemma 2.5) the operator Ty is bounded on LP(R™). Since f; € LP(R"),
T3 fi € LP(R™) and boundedness of T in LP(R™) (see [16]) it follows that

IT5 fillee By < ITx fillLe ey < Cllfille@n) = Cll fllzr@B)s

where the constant C' > 0 is independent of f.
We now estimate 7% fa. For each m € Nand j =1,...,gm, we get

G () = /Z Qz, 2)Yjm(2)do,

where Q(z, z) = |z|"k(x, z). Then for a.e.x € R",

oo gm

Qr.2) = 303 ajm(@)Yu(2), (3.15)

m=1 j=1
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where 2’ = z/|z| for any z € R”\{0}. By Lemma 2.8, we have that for any € R,

|ajm ()| =m " (m+n—-2)"" /Z Uz, 2)A"Ym (2)do,

=m "(m+n—-2)"" /Z AN Q(z, 2)Yjm(2)do,

< C(n)Am™2". (3.16)

By Lemma 2.8 again, we can verify that for any ¢ > 0, N € N, and a.e. z € R", if |y — z| > ¢,
then

N gm 1
D0 Y et )|Ym;(|i_y) (o) f2lv)| < CE) Al ()] (3.17)
m=1 j=1

Therefore, from (3.15), (3.17) and the Lebesgue dominated convergence theorem, it follows that

I fo(z) = lim e,z — y)o(, y) f2(y)dy
e—0 ‘w y|>€
oo gm
. m(2)Yim((z —y)')
= lim / oGy Lm(®Y o, y) f2(y)dy
5%077121] 1/ lz—y|>e |$ - y|n
©  gm ’
. IAD(z Yim((x —y
i 35> (o) [ e Bl ) gy
m=1 j=1 |z—y|>e Ty

We write

Rants) = [ osen Do

It is easy to see that Rj, f2(z) is the oscillatory integral operator defined by (1.3). By Theorem

1.1 we have Rj,, bounded from MP?¥1(R™) to MP¥>(R"). Therefore, by (3.16) and the above
discussion we have

ITX fallr (B(zo,r)) S 7‘%/ I 1l Lr(Bao,ent " 7 dt.
2r

This finishes the Lemma 3.2. Q.E.D.
Proof of Theorem 1.2.

By Lemma 3.2 and Theorem B we get
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o0
IT5 fllpree S sup 802(%7')71/ £l Lo (Bt 7 dt
z€R™,r>0 r

T
sup (e, )t / Wl e dt
A Ly (B(zt™ W)

=3

Q

zeR™, r>0
P T
—2y-1
= n P dt
mEIgE,PF>O LPZ(%T ) /O ”fHLP(B(:c,t 5,))
< —2\-1 _
~ $EHS{EE>O prlz,rm) ”f”Lp(B(m,f%)) £l arwoen

This finishes the proof of Theorem 1.2.

4 Proof of Theorems 1.3 and 1.4

Proof of Theorem 1.3.

The statement is derived from the estimate (3.13). The estimation of the norm of the operator,
that is, the boundedness in the non-vanishing space, immediately follows from by Theorem 1.1. So
we only have to prove that

lim sup ™Ay, (f;2,7) =0 = lim sup Ay, ,,(Taf;2,7) =0. (4.18)

70 peRjn 70 peRrn
To show that sup @2 (x,7) " r =P T\ fll1, (B(z,r)) < € for small r, we split the right-hand side
of (3.13): e
o2y PN ey < Clla (7 + Jay (207, (4.19)

where §p > 0 (we may take §p > 1), and

do
Too(@) 1= —s [ eyt
and
Jso(2,7) = L /00 5 fll (B(xz,1))dt
pa(w,7) Js, i

and it is supposed that r < §y. We use the fact that f € VMP#1(R™) and choose any fixed §p > 0
such that

—1,.-n/p < 76
sup r(@,r) I, (s < 556

where C' and Cj are constants from (1.7) and (4.19). This allows to estimate the first term uniformly
inr € (0,d) :

sup Cls,(x,r) < E, 0<r<dp.
ER™ 2
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The estimation of the second term now my be made already by the choice of r sufficiently small.
Indeed, thanks to the condition (2.11) we have

J50(xvr) < Coyp ) Hf”VM”“"l’

p1(x,r

where ¢,, is the constant from (2.10). Then, by (2.11) it suffices to choose r small enough such
that

3
su

P <
zER™ 902(337r) QCUOHf”VMp'“’l ,

which completes the proof of (4.18).

The proof of Theorem 1.4 is similar to the proof of Theorem 1.3.
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